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where /3 = 2m/(m + 1), a is the non-dimensional velocity gradient at the wall (usually expressed as a = /"(0)), <j is the Prandtl number, k is the thermal conductivity, and v is the kinematic viscosity.
As examples of application of the formula two cases of special interest, i.e. the Blasius flow and stagnation flow are considered for several values of n, and the results are compared with the purely numerical computations by Levy and by Chapman and Rubesin, as well as with the analytical approximate formulas obtained by Schuh, by Fettis and by Lighthill. It appears that the above formula is the most accurate among those hitherto proposed. 1 . Introduction. The calculation of the heat transfer to the laminar boundary layer with arbitrary distributions of main flow velocity and wall temperature is very difficult even for the constant-property flow, because the problem is governed by a system of non-linear partial differential equations. But, as was shown by Fage and Falkner [1] the system of equations can be reduced to that of ordinary differential equations if both the main-stream velocity and the wall temperature are assumed to vary as power functions of distance from the start of the boundary layer, namely u, = cxm, T0 -Ti = bx". In fact, the momentum equation has been exactly solved by Hartree [2] , and it remains only to solve the energy equation with variable coefficients given in terms of the Hartree solution. The exact treatment of the latter problem is naturally only possible by numerical means just as in the case of the momentum equation. Thus, Chapman and Rubesin [3] obtained the numerical solution for several values of n for the case of the Blasius flow (m = 0) by use of the Runge-Kutta integration method, assuming the Prandtl number a to be 0.72. Later, Levy [4] carried out extensive numerical computations for a number of combinations of m, n, and <j by reducing the differential equation to finite difference form and employing the IBM machine. From his numerical results, Levy proposed an empirical formula for the local heat-transfer coefficient.
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In view of the considerable amount of labor involved in the numerical computations with three parameters m, n, and a, Schuh [5] attempted to obtain the asymptotic solution of the energy equation when either n or a is large so that the thermal boundary layer is very thin compared with the velocity boundary layer. Making further assumption that a In -> 0, he succeeded in obtaining the solution in a closed form using the Bessel function of order 1/3 and hence a very compact formula for the local heat-transfer coefficient. Also he showed that the formula gives numerical results in good agreement with Levy's numerical computations. Dropping the second assumption a/n -» 0, Punnis [6] and Fettis [7] succeeded in finding the solution in a closed form in terms of the confluent hypergeometric functions. Especially the latter author derived an explicit formula for the local heat-transfer coefficient, but he did not make any numerical discussion of the formula obtained.
In a paper which probably escaped the attention of the above-mentioned three authors, Lighthill [8] had developed a method of approximate calculation of heat transfer to the laminar boundary layer with arbitrary distributions of wall temperature and, main-stream velocity by making the simplifying assumption that the velocity profile in the boundary layer can be approximated by its tangent at the wall. As an example, the method was applied to the Blasius flow and the result was found to be in good agreement with Chapman-Rubesin's numerical calculation. On the same assumption as made by Lighthill, Tamaki [9] independently developed an approximate method of calculating thermal boundary layers, especially for the case of the Blasius flow; his formula for the local heat-transfer coefficient is essentially the same as Lighthill's for this special case, but he treats a number of interesting cases using his formula and also extends the method so as to cover even the turbulent boundary layer. Further, he carried out numerical computations for our problem for the cases of In the present paper, the basic energy equation is solved by use of the improved version of the WKB method proposed by the author [10, 11, 12] which has been shown by experience to give accurate results for various problems governed by the linear ordinary differential equation of the second order. The local heat-transfer coefficient is given in terms of algebraic functions of the three parameters m, n, and a. Although the full expression obtained is somewhat complicated, it can be approximated by a rather simple expression. Applying the formulas, both full and simplified, to the cases of the Blasius flow (m = 0) and the stagnation flow (m = 1), it is found that they are in very good agreement with Levy's numerical computations.
2. Basic equations.
For the laminar boundary layer on a body placed in an incompressible constant-property fluid, the continuity, momentum, and energy equations can be written as
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where x and y are measured parallel and perpendicular to the surface of the body, u and v are velocity components, p is the pressure, T is the temperature, p is the density, C" is the specific heat at constant pressure, k is the thermal conductivity, and n is the viscosity. The boundary conditions are T = T0{x), u = v = 0 for y = 0 (2.4)
where Tu(x) is the surface temperature and Tl and ux{x) are respectively the temperature and velocity of the main stream.
In the following, it will be assumed that
where b, c, m, and n are constants. In this case it is known that the system of partial differential equations (2.1), (2.2), and (2. to make use of a refined version of the WKB method as developed by the present author [10, 11, 12] . Thus, consider a second-order linear differential equation
where a is a parameter and P(x) has the form
Then, it can be shown that the solution of Eq. /c2 = a2 + X0 (3.11) and the constants X, X0 , Xi are given in terms of a, , 6, , • • ■ as follows:
x -"m(1 -3«>- (4.9)
The formulas (3.3) and (3.4) have originally been obtained on the assumption that the parameter a is very large. At first sight Eq. (4.8) might seem to conflict with this assumption. Since, however, the condition for the validity of the formulas is essentially that | az | should be large, the condition is readily seen to be satisfied if A is large. This latter condition is satisfied if either the Prandtl number a or the exponent n is large as was assumed by Schuh [5] . Furthermore, it should be mentioned that the formulas have been found to give accurate results in various cases of application even when a is not very large. If it is assumed that is very large while , b3 , and b4 are 0(1) (this is true if n is very large so that A = 0(n)), Eqs. First let us compare our result with the results of previous investigators. Schuh [5] considers that the thickness of the thermal boundary layer becomes small compared to the velocity boundary layer if either n or <r becomes large, and that it would then be sufficient to replace the velocity profile by its tangent at the wall, since, for calculating the temperature field, only that part of the velocity profile is important which lies within the thermal boundary layer. [3] and by Levy [4] . Later, Punnis f6] and Fettis [7] independently showed that Eq. (5.12) can be integrated in a closed form using confluent hypergeometric functions. Furthermore, the latter gave an explicit expression for the heat-transfer coefficient at the wall. His result for the temperature distribution function 6 is expressed as 9 = r(1r(l/3)/3) r'exP(-■ v«(f3/6), (5.14) Now it should be mentioned that Lighthill [8] had previously obtained a general formula which gives the heat transfer at the wall in terms of the skin friction for arbitrary main-stream velocity and wall-temperature distributions, based on the simplifying assumption adopted by Fage and Falkner [1] : w = (1/mMx)y, (5.16) where t(x) is the skin friction so that r(x) = n(du/dy)""a . This assumption is of course the same as Eq. (5.4). Lighthill's formula can be written in our notation as follows.
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Lighthill himself applied this formula to the case of the Blasius flow in order to test its accuracy.
Now the formula (5.17) will be applied to our problem defined by Eqs. (2.6) and (2.7). •which is essentially the same as the formula given by Lighthill. Table 1 shows the values of (hx/k)(uix/v)~1/2 for several values of n as calculated by the various formulas. In Table 1 The Lighthill values have been reproduced from his paper [8] and are the same as those given by Eq. (6.5). The "Imai" values are those calculated by use of the author's full expression (6.1), while the "Imai*" values are those calculated by the simplified expression (6.2). It will be seen that the values calculated by the author's formulas, both full and simplified, are in agreement with those computed by Levy within 1 per cent, except for the case of n = 0, where the difference is less than 2 per cent and 4 per cent, respectively, for the full and the simplified formula. By performing detailed examination of the accuracy of his numerical computations, Levy has estimated the accuracy of his results to be within 2 per cent. Therefore, our formula (6.1) and (6.2) may be considered to be perfectly satisfactory. Moreover, because of the simplicity, the simplified formula may be especially recommended for practical purposes.
Further it may be observed that Lighthill and Fettis' formula is better than Schuh's, which, however, is fairly good except for the case of n = 0. This rather high accuracy of the formulas of Schuh and of Lighthill and Fettis is naturally due to the fact that the simplifying assumption u oc y is very accurate for the Blasius flow.
7. Stagnation flow. Similar comparison is made for the case of the stagnation flow (/? = 1), taking a = 1 and 10. Table 2 shows the case of a = 1. Here the "Levy" values have been reproduced from his paper, while the "Levy*" values are those computed by the present author using the empirical formula (5.21). The "Fettis" and "Schuh" values were also computed by the author by use of Eqs. On the other hand, both the simplified and full formulas of the author give results in satisfactory agreement with the Levy values. It will be observed that the approximate "Imai*" values are even better than the "Levy*" values calculated by the rather complicated empirical formula. j a ule 3 shows a similar comparison for the ca«e of rather high Prandtl number of <7 = 10. The situation is very similar to the above case of o-= 1. Here the superiority of the Schuh formula to the Fettis forn > 1 is rather more conspicuous. However, our simplified formula is seen to be in closest agreement with Levy's computation. is the best of the formulas hitherto proposed in view of the fact that it shows the effect of the parameters /J (or m), n and a in a simple functional form. Especially it will be interesting to note that the exponent of <r is invariably 1/3 and that the effect of the curvature of the velocity profile at the wall appears as an additive constant -/3/10a in the formula.
